We introduce two classes of novel color superalgebras of Z 2 × Z 2 grading. This is done by realizing members of each in the universal enveloping algebra of the N = 1 supersymmetric extension of the conformal Galilei algebra. This allows us to upgrade any representation of the super conformal Galilei algebras to a representation of the Z 2 × Z 2 graded algebra. As an example, boson-fermion Fock space representation of one class is given. We also provide a vector field realization of members of the other class by using a generalization of the Grassmann calculus to Z 2 × Z 2 graded setting.
Introduction
Continuous symmetry can be considered as one of the most fundamental concepts in physics and mathematics. It is usual to use Lie groups and Lie supergroups to describe symmetries, however, they are not the only mathematical structure for that purpose. Indeed, quantum groups have been used widely in various physical and mathematical problems. Before quantum groups, there were attempts to generalize the notion of grading used in the definition of Lie superalgebras [1, 2, 3, 4] . The basic idea is to generalize the Z 2 graded structure of a Lie superalgebra to Z N , Z N × Z N , or in fact any abelian group. The result is a vector space with a specific graded structure and a generalized Lie bracket. Nowadays, this generalization of superalgebra is called color (super)algebra in the literature.
The color (super)algebras have been an objects of interest in mathematics for the last four decades, and many works such as classification of the algebras under some conditions, representations, cohomology and so on, have been done [5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17] (and references therein). On the other hand, physical applications are very limited [18, 19, 20, 21, 22, 23, 24, 25] so one may conclude that color (super)algebras are not widely known in the physics community.
Recently, it was revealed that symmetries of the Lévy-Leblond equation are given by a color superalgebra of Z 2 × Z 2 grading [24, 25] . The Lévy-Leblond equation is a quantum mechanical wave equation (first order partial differential equation for a fourcomponent spinor) for a spin 1/2 particle in non-relativistic setting [26] . The fact that such a simple and physically important equation has a color supersymmetry suggests that color superalgebras could be related to more problems in physics. In order to clarify which physical systems are related to color superalgebras, it is desirable to understand the structure and representations of those color superalgebras which are, in a sense to be discussed in the current work, connected to certain Lie (super)algebras. This is indeed the case of symmetries of the Lévy-Leblond equation where the color superalgebra has a connection with super Schrödinger algebra.
Motivated by this, in the present work we consider color superalgebras of Z 2 × Z 2 grading which relate to the class of N = 1 superconformal Galilei algebras (SCGA). The conformal Galilei algebras (CGA) are infinitesimal generators of conformal symmetry of non-relativistic space-time [27, 28] . The CGA is defined for arbitrary dimensional space-time and there exist, for a given dimension of space-time, infinitely many finitedimensional Lie algebras parameterized by ℓ taking a value in non-negative integers or half-integers. For example, ℓ = 1/2 gives the subfamily referred to as the Schrödinger algebras. Supersymmetric extensions of the CGA have been discussed in many articles [29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42] . This is because there does not exist a systematic way of constructing supersymmetric extensions of CGA. The present work deals with N = 1 SCGA with arbitrary ℓ defined in (1 + 1) dimensional space-time.
We present two new results. First, we introduce two classes of novel color superalgebras which are realized in the universal enveloping algebra of the SCGA. The case of ℓ = 1/2 is already discussed in [14] . Thus the present result is an extension of [14] to arbitrary ℓ. Second, we give a vector field representation of the color superalgebra in the space of functions defined on the color supergroup manifold. This will be helpful when applying the color superalgebra to physical and mathematical problems and also in considering geometrical properties of the color supermanifolds themselves.
The plan of this paper is as follows. In the next section we recall the definition of a color superalgebra with Z 2 × Z 2 grading, and the N = 1 SCGA with and without central extension. From the SCGA we construct two new classes of color superalgebras in §3. A triangular type decomposition and graded anti-involution of the newly introduced color superalgebras are also discussed. This allows us to generalize a superstar representation of Lie superalgebras to the Z 2 ×Z 2 graded setting. As examples of representations of the color superalgebras, a realization of boson-fermion operators and a vector field representation on the color supergroup are presented in §4.
Preliminaries
Here we give the definition of color superalgebra of Z 2 × Z 2 grading [2, 3] . Let g be a vector space and a = (a 1 , a 2 ) an element of Z 2 × Z 2 . Suppose that g is a direct sum of graded components:
Homogeneous elements of g a are denoted by X a , Y a , . . . If g admits a bilinear operation (the general Lie bracket), denoted by ·, · , satisfying the identities:
3)
where
then g is referred to as a color superalgebra of Z 2 × Z 2 grading. We take g to be contained in its enveloping algebra, via the identification
where an expression such as X a Y b is understood to denote the associative product on the enveloping algebra. In other words, by definition, in the enveloping algebra the general Lie bracket ·, · for homogeneous elements coincides with either a commutator or anticommutator. This is a natural generalization of Lie superalgebra which is defined on Z 2 -grading structure:
It should be noted that g (0,0) ⊕g (0,1) and g (0,0) ⊕g (1, 0) are sub-superalgebras of the Z 2 ×Z 2 -graded superalgebra g.
N = 1 superconformal Galilei algebras
The N = 1 superconformal Galilean algebras is a family of Lie superalgebras parametrized by ℓ which take a value in N or N+ 1 2 where N denotes the set of non-negative integers. The bosonic elements are denoted by {H, D, K, P n , } n=0,1,...,2ℓ and the fermionic elements by {Q, S, X n } n=0,1,...,2ℓ−1 . We present below nonvanishing (anti)commutators of the algebra:
(2.9) We denote this superalgebra by g ℓ . As is seen from (2.9) g ℓ consists of sl (2) spanned by H, D, K and its modules. P n is a spin ℓ module under the adjoint action of sl (2), X n is a spin ℓ − :
where c is the central charge. We denote the algebra with the central extension byg ℓ .
3 Z 2 × Z 2 generalization of g ℓ andg ℓ
Defining relations of new color superalgebras
We would like to create a color superalgebra of Z 2 × Z 2 grading from the superalgebras g ℓ andg ℓ . Our strategy is to realize the color superalgebra in the universal enveloping algebra of g ℓ org ℓ . For elements with a fixed grading (i.e. homogeneous elements), the general bracket , is either symmetric or antisymmetric. Thus we use the standard notation [ , ] for the antisymmetric bracket and { , } for the symmetric bracket. Let us start with U(g ℓ ), the universal enveloping algebra of g ℓ . We take the following particular elements of U(g ℓ )
and consider the vector space spanned by these elements and the basis of g ℓ . We assign the Z 2 × Z 2 degree as follows:
It is then straightforward to verify, with the aid of (2.9), that the elements in (3.2) close in the Z 2 × Z 2 graded (anti)commutation relations. We give the non-vanishing relations below. For the sake of simplicity we set c = 1 in the computation.
(0, 0)-(0, 0) sector:
(1, 0)-(1, 0) sector:
In order to assert that these relations define a color superalgebra, one must show that the relations are compatible with the graded Jacobi identity without using (2.9). Indeed one may verify the compatibility by the direct but lengthy computation. Thus we have obtained a color superalgebra and it is denoted by G ℓ . Next let us consider the case of U(g ℓ ) with ℓ ∈ N + 1 2
. We show that the vector space spanned by the same elements (3.2) as U(g ℓ ) gives another example of color superalgebra. In this case we have more non-vanishing relations in addition to (3.3)-(3.14). Those new relations are given below:
(1, 0)-(1, 1) sector:
By the direct computation, one may verify the Z 2 ×Z 2 graded Jacobi identities without using (2.9) and (2.10). We thus have obtained a novel color superalgebra of Z 2 ×Z 2 grading and we call itG ℓ .
Due to the symmetries P nm = P mn , X nm = −X mn the number of independent elements of P nm , X nm , Λ nm are (ℓ + 1)(2ℓ + 1), ℓ(2ℓ − 1), 2ℓ(2ℓ + 1), respectively. It follows that dim G ℓ = dimG ℓ = 8ℓ(ℓ + 1) + 7.
Some properties of
and G 0 ℓ is defined as the subspace of zero eigenvalue. it is spanned by
The entries of G ± ℓ are given by 26) and the range of indices is summarized as follows. For G
Next we consider (graded) anti-involutions on the color superalgebras that is a natural generalization of the superalgebras. We start with a general definition and follow the terminology of [43] . Let g be a color superalgebra with Z 2 × Z 2 grading and X a , Y b ∈ g with a, b ∈ Z 2 × Z 2 . We define two (graded) anti-involution on g. The first one ω : g → g, called the adjoint operation on g, is defined by the properties
where α * is the complex conjugation of α. The second one is the superadjoint operationω : g → g defined by
where a = (a 1 , a 2 ). These anti-involutions allow us to generalize the star and superstar representations of Lie superalgebras [43] to color superalgebras. Let π be a representation of g acting in a Z 2 × Z 2 -graded vector space. Then π is a star representation of g if π • ω = ω • π, and a superstar representation of g if π •ω =ω • π.
The color superalgebras G ℓ andG ℓ admit two adjoint operations for all possible values of ℓ : 27) and
On the other hand G ℓ andG ℓ admit the following superadjoint operation for ℓ ∈ N + 1 2
4 Representations of G ℓ andG ℓ
In this section we give two examples of representations of G ℓ andG ℓ .
Boson-fermion realization ofG ℓ
As seen in §3 the algebras G ℓ andG ℓ are realized in the enveloping algebra of SCGA. Thus any representation of the SCGA is converted to the corresponding representation of G ℓ orG ℓ . As an example, we give a realization of SCGA with the mass central extensiong ℓ in terms of boson and fermion operators. This allows us to define a Fock representation of SCGA andG ℓ . To this end, we note that (2.10) is nothing but the boson and fermion operators. Therefore, it is enough to realizeg ℓ in terms of P n and X n (see [40, 39] for N = 2 SCGA).
To verify this, note the following identities:
This gives a star representation ofG ℓ for both anti-involution (3.27) and (3.28). However, this is not a superstar representation with (3.29) since (3.29) does not respect the relations (2.10).
Vector field realization of G ℓ
If a vector field realization of g ℓ is converted to the one for G ℓ , due to (3.1) the realization of G ℓ will be given by second order differential operators. It is, however, unusual to realize Lie superalgebras by second order operators. In this subsection we give a realization of G ℓ in terms of first order differential operators of Z 2 × Z 2 generalization of the Grassmann numbers. A Z 2 × Z 2 generalization of Grassmann numbers was introduced in [2, 3] . The Z 2 × Z 2 graded numbers ξ a , ξ b with degree a, b ∈ Z 2 × Z 2 are defined by the relation:
By exponential mapping one may introduce the color supergroup generated by G ℓ :
where the group parameters are given by the Z 2 × Z 2 graded numbers. It would be more helpful to use different notations for numbers with different degree. We use the following notation in the sequel:
Note that ψ, θ, σ are nilpotent and others are not. With these notations we parametrize the elements g ∈ G ℓ as
where, reflecting the symmetries of the generators, y nm = y mn , w nm = −w mn , and σ nm is neither symmetric nor antisymmetric. Now we consider the space of C ∞ class functions f (g) over G ℓ . In order to define an action of G ℓ on this space of functions we need derivatives with respect to the Z 2 × Z 2 graded numbers. Such derivatives have been introduced as a natural generalization of that for Grassmann numbers [14] . Namely, the derivative ∂ ∂ξ a is an operator acting on f (g) from the left specified by the following properties:
(i) ∂ ∂ξ a has the degree same as ξ a and ∂ ∂ξ a , ∂ ∂η a = 0
(ii) ∂ ∂ξ a annihilates constant functions: ∂ ∂ξ a 1 = 0 (iii) it acts on degree one monomials in the same way as ordinary derivative:
(iv) when it acts on a monomial the variable is moved to the left most position, then (4.6) is applied. For instance,
With this definition of derivatives, we define a left action of G ℓ on f (g) in the standard way of Lie theory:
where τ is a parameter having the degree same as Y. It is not difficult to verify that the left action gives a realization of G ℓ on the space of functions f (g). We give explicit formulae of the left action in the parametrization (4.5).
wherê
14) 
18) 
One may repeat the same computation forG ℓ and obtain its vector field representation. However, the computation is so lengthy and cumbersome. We thus decided not include it in this paper.
Concluding remarks
We have introduced two classes of novel color superalgebras of Z 2 ×Z 2 grading and studied their properties and, to some extent, their representations. Our strategy of construction of a color superalgebra is to realize it in the enveloping algebra of N = 1 SCGA. This is a suitable approach because it is also applicable to higher N SCGA and other Lie (super)algebras. For instance, in [14] a color superalgebra is constructed by realizing it in the enveloping algebra of N = 2 super Schrödinger algebras and in [16] , a Heisenberg algebra of multi-mode boson operators is used to construct a color superalgebra. Furthermore, one may apply this procedure to construction of infinite dimensional color superalgebras [44] . Of course, not all color superalgebras are realized in the enveloping algebra of some Lie (super)algebra. Such an example is found in [14] .
We give a vector field representation of G ℓ . This is an important step in order to consider physical applications of G ℓ and geometric aspects of color supergroups. Regarding representation theory, representations of the highest weight type are also important in many aspects. The algebras G ℓ andG ℓ admit a triangular-type vector space decomposition. Other color superalgebras discussed in the literature also admit such a decomposition. However, it seems that we need some care to discuss Verma modules over the color superalgebras [15] . This will be important future work.
One of the motivations of the present work is to find physical systems which have some relation to a color superalgebra. One way of achieving this is to start with physical systems having (dynamical) symmetry generated by SCGA. Then we try to extend the symmetry to a color superalgebra as in the case of the Lévy-Leblond equation [24, 25] .
